We have recently shown that metamaterials composed of threedimensional gold helices periodically arranged on a square lattice can be used as compact "thin-film" circular polarizers with one octave bandwidth. The physics of the motif of these artificial crystals is closely related to that of microwave sub-wavelength helical antennas in end-fire geometry. Here, we systematically study the dependence of the metamaterial's chiral optical properties on helix pitch, helix radius, two-dimensional lattice constant, wire radius, number of helix pitches, and angle of incidence. Our numerical calculations show that the optical properties are governed by resonances of the individual helices, yet modified by interaction effects. Furthermore, our study shows possibilities and limitations regarding performance optimization. general bi-isotropic metamaterials and its application to optical chiral negative-index metamaterial design," Opt.
Introduction
In some optics textbooks [1] , fictitious materials composed of metal helices are considered as a paradigm for explaining on a classical footing optical activity arising from structural chirality. In 1920, Karl Lindman realized and characterized such metal helix structures at microwave frequencies [2] . Recently, artificial uniaxial materials composed of threedimensional gold helices arranged on a square lattice ("metamaterials") have become experimental reality [3] at infrared wavelengths. The structure is illustrated in Fig. 1 . For propagation of light along the helix axis, such structures offer giant circular dichroism. In particular, they can act as compact "thin-film" (two sub-wavelength helix pitches) circular polarizers -with spectral bandwidths exceeding one octave. Thus, these structures can be viewed as the circular analogues of the well-known wire-grid broadband linear polarizers that have found widespread commercial use, e.g., in Fourier transform spectrometers.
Previous theoretical work on helix-based metamaterials [4] [5] [6] and on individual silver helices with nanometer dimensions [7] has pointed out a variety of interesting aspects, however, it has not addressed optimizing the structure with respect to the above application. In this letter, we present a systematic numerical study on the dependence on all relevant structure parameters. Our study further clarifies the nature of the underlying optical resonances and shows possibilities and limitations regarding structure optimization. Fig. 1 . Scheme of one lateral unit cell of a chiral metamaterial composed of left-handed gold helices arranged in a square lattice on a glass substrate. The relevant structure parameters are illustrated. We consider propagation of light along the helix axis. N = 1 helix pitch is shown.
The motif of our metamaterial structure is related to helical antennas in the so-called endfire geometry [8] . Such helical antennas are, e.g., widely used in microwave wireless localarea network (WLAN) applications. Figure 1 illustrates the underlying metal helix with radius R, wire radius r, pitch (or axial period) p, and number of pitches N. Antenna theory predicts that a circularly polarized wave is emitted along the helix axis. Optimum performance requires that the pitch angle [8] φ given by tan(φ) = p/(2πR) is around φ = 12-14 degrees. This is equivalent to a pitch of about p ≈ 0.73 × 2R. Furthermore, provided that the wire is thin (r<<R) and that at least N = 3 helix pitches are used, antenna theory states that the free-space operation wavelength λ is in the interval 3 4 2 , .
According to (1) , this leads to a ratio of maximum to minimum wavelength of 16/9, which is close to one octave -a fairly broad bandwidth for an antenna. Obviously, the helical antenna is a sub-wavelength antenna as the free-space operation wavelength is between 4.7 and 8.4 times larger than the helix radius R. Notably, under the above conditions, the helical antenna operation wavelength neither depends on the length of the antenna (i.e., on the number of helix pitches) nor on the helix pitch p alone. For infinitely many helix turns N, one obtains perfectly circularly polarized emission. In the language of antenna theory, the on-axis "axis ratio" AR (which is given by the ratio of the major and minor radius of the polarization ellipse) [8] becomes unity. For finite values of N, the axis ratio scales according to AR = (2N + 1)/(2N) [8] .
If, for example, an electrical current in a left-handed helical "sender" antenna leads to emission of a left-handed circularly polarized electromagnetic wave propagating along the helix axis, an incident wave with the same handedness propagating along the helix axis is expected to induce an electrical current in an identical "receiver" antenna, i.e., it will interact with the antenna. In contrast, the other handedness of light is not expected to interact with the antenna. Thus, a two-dimensional square array of helical antennas with a certain lattice constant, a, will lead to reflection and/or absorption of light incident onto the array if the handedness of the light is identical to that of the helices. If metal losses are negligible, absorption does not occur and all light that is not transmitted will be reflected. In contrast, light with the opposite circular handedness will be transmitted. In this reasoning, we have tacitly assumed that the lateral interaction among the different metal helices in the twodimensional array is negligible. Indeed, on page 225 of [8] , the inventor of the helical antenna, John Kraus, states in boldface: "… Not only does the helix have a nearly uniform resistive input over a wide bandwidth but it also operates as a 'supergain' end-fire array over the same bandwidth! Furthermore, it is noncritical with respect to conductor size and turn spacing. It is also easy to use in arrays because of almost negligible mutual impedance …". We will see below that the latter assumption is not quite correct under our conditions. Nevertheless, the qualitative behavior does remain for arrays of helices.
In the language of solid-state physics, this unusual broadband operation originates from the interaction between the different helix pitches [3] within one helix. It has been shown [3] that a single pitch of a metal helix exhibits several pronounced and sharp resonances. Two of these resonances are within the effective-medium limit in the sense that no diffraction occurs for incident light propagation along the helix axis. For two and more helix pitches, these two resonances evolve into a broad band [3] , the minimum and maximum frequencies of which roughly correspond to the positions of the two sharp resonances. This behavior is analogous to that of discrete atomic levels evolving into broad electronic bands in a crystalline solid. The width of the band is determined by the interaction among the atoms. In analogy, the width of the band for our metamaterial structure is determined by the interaction among the different helix pitches within one helix. In other words: Bragg reflection/resonance influences the behavior. However, the behavior is still quite different from that of cholesteric liquid crystals [9] , which can essentially be viewed as a layered twisted dielectric structure [10] . The behavior is also different from helical dielectric structures [11] . There [9] [10] [11] , the operation wavelength is directly proportional to the period along the propagation direction -in sharp contrast to what we will see below for the case of metal helices.
Numerical calculations
For the numerical calculations in this Letter, to check for consistency, we have intentionally used three different software packages: CST MICROWAVE STUDIO [12] , based on a finiteintegration technique (FIT), LUMERICAL [13] , based on a finite-difference time-domain approach (FDTD), and JCMsuite [14], based on a frequency-domain finite-element method (FEM). All three packages have delivered consistent results. In all three cases, we employ periodic boundary conditions for the two-dimensional array. Precisely, in the FIT (FDTD) calculations, we have used a mesh size ranging between 200 nm and 10 nm (between 50 nm and 4 nm) and a time step of 0.03 fs (0.0077 fs). For the FEM calculations, we have used second-order finite elements on unstructured tetrahedral grids with about 25000 elements. Element volumes range between about (30 nm) 3 and (400 nm) 3 . The results depicted in Figs. 2,3,5,6, and 8 are actually obtained by CST MICROWAVE STUDIO, those in Fig. 4 by LUMERICAL, and those in Fig. 7 by JCMsuite. Comparison of the black curves in these figures shows that the three software packages have delivered consistent results. We use realistic parameters [3] for the free-electron Drude model describing the gold optical properties: the plasma frequency is ω pl = 1.37 × 10 16 rad/s and the collision frequency is ω col = 1.2 × 10 14 rad/s. All calculations in this work with the notable exception of Fig. 7 assume propagation of light along the helix axis (see Fig. 1 ). To avoid artificial sharp edges, the ends of the gold wire are terminated by gold half spheres with radius r. All simulated metamaterial structures are located on a glass substrate (half-space geometry) with real refractive index n = 1.5. Light impinges from the air side. We show left-and righthanded circular polarization of the incident light and analyze the emerging polarization in terms of left-and right-handed circular polarization. We explicitly show results for lefthanded gold helices. By symmetry, for right-handed helices, for all handedness of the incident and transmitted light, strictly identical results are obtained if "left" and "right" are consistently interchanged. Figure 2 shows the intensity transmittance and intensity conversion spectra versus the number of helix pitches N. The incident light has left-handed circular polarization (LCP) or righthanded circular polarization (RCP). Precisely, "transmittance" refers to the ratio of LCP (RCP) transmitted light intensity and LCP (RCP) incident light intensity. Similarly, "conversion" refers to the ratio of LCP (RCP) transmitted light intensity and RCP (LCP) incident light intensity. In Fig. 2 , the parameters R = 0.6 µm, r = 0.1 µm, a = 2 µm, and p = 2 µm (compare Fig. 1 ) are fixed and intentionally identical to those in Fig. 1 of our previous work [3] . For yet longer wavelengths than the ones explicitly depicted in Fig. 2 , no further resonances occur for axial propagation. For yet shorter wavelengths, diffraction of light into the substrate can occur, i.e., Wood anomalies are expected. This leads to a minimum wavelength given by the product of the substrate refractive index n = 1.5 times the lattice constant a = 2 µm, i.e., to 3 µm wavelength. Hence, for wavelengths shorter than this critical value, the structures can certainly no longer be viewed as an effective material and, furthermore, they can no longer be really used as a circular polarizer. Thus, throughout this article, we restrict ourselves to the spectral window of Fig. 2 (3 µm to 12 µm wavelength, equivalent to two octaves). For N = 1, two distinct and sharp resonances are found [3] for incident light with the same handedness as the helix. The other handedness is transmitted. For the long-wavelength resonance, the electrical current has nodes only at the ends of the metal wire; the short-wavelength resonance has one additional node in the middle of the wire.
Varying the number of pitches N
Starting from these resonances for N = 1, a broad and more or less unstructured transmittance minimum evolves with increasing N. This aspect, which has been discussed qualitatively above, connects to our previous work [3] . Here, we merely show more values of N than in [3] . Notably, the minimum and maximum wavelengths do not shift much with increasing N. This means that none of the resonances shifts proportional to the total length of the metal wire or proportional to the height of the structure, i.e., proportional to N × p. Clearly, it is not helpful to start our further systematic parameter variations from this featureless broad band. Trends can rather be revealed when starting from the two pronounced resonances found for N = 1. Figure 3 illustrates the dependence on helix pitch p for N = 1. The other parameters are fixed to their respective values in Fig. 2 . It becomes obvious that the resonance positions do shift to some extent. However, while the pitch p varies by more than a factor of three, the resonance positions merely shift by some tens of percent. We can conclude that the physics of metal helices is quite distinct from that of dielectric helices with closely similar geometry [11] (see discussion above). For the dielectric helices in [11] , the vacuum wavelength corresponding to the Bragg resonance has simply been proportional to the pitch height p. This means that the response of dielectric helices is dominated by the Bragg resonance, whereas that of the metal helices is determined by the interplay of pronounced internal resonances and their mutual coupling [3] .
Varying the pitch height p

Varying the lattice constant a
The effect of the lateral interaction of the individual helices is investigated in Fig. 4 for N = 1. Here, the square lattice constant, a, is varied. All other parameters are fixed to their respective values in Fig. 2 . The long-wavelength resonance shifts towards shorter wavelengths with decreasing lattice constant a. For this resonance [3] , the current in the helix wire is flowing in Fig. 3 . As Fig. 2 , N = 1, but the helix pitch, p, is varied as indicated. p = 0 µm corresponds to a planar, hence non-chiral, split-ring resonator with 100 nm gap width. one direction at any point within an optical cycle. Thus, a snapshot of the magnetic field of this mode is similar to that of a permanent magnet. For two adjacent parallel oriented permanent magnets side by side, the energy increases with decreasing spacing as the two north (south) poles come closer and closer. This analogy qualitatively explains our numerical findings. The shorter-wavelength mode with one additional current node [3] shifts in the same direction but neither by the same wavelength nor frequency difference as the long-wavelength resonance. For the shorter-wavelength resonance, the two parts of one helix have anti-parallel magnetic dipole moments but interact with their neighbors in the same qualitative (but not quantitative) fashion as described above. Furthermore, the depth of both resonances decreases when increasing the lattice constant. This aspect is simply due to the fact that the number of dipoles per area or per volume decreases. However, the overall qualitative behavior stays close to that of end-fire helical antennas described in the introduction. Optimum circular polarizer operation is expected for dense packing of the helices, i.e., for a being only slightly larger than the helix diameter 2R. Nevertheless, a direct mechanical/electrical contact of adjacent metal helices should be avoided as this is expected to lead to very large deviations. For direct contact, the picture of separated antennas is definitely no longer applicable.
Varying the helix radius R
Following antenna theory, the strongest dependence of the resonance positions is expected when varying the helix radius R. Figure 5 investigates this aspect. Indeed, we find that the resonance wavelengths shift more or less proportional to R. Even the absolute positions of the resonance wavelengths roughly coincide with the prediction of antenna theory outlined in the introduction. Clearly, decreasing R while keeping the lattice constant a fixed dilutes the array, leading to more shallow resonances (compare Fig. 4 ). As Fig. 2, N = 1 , but the metal helix radius, R, is varied as indicated.
Varying the wire radius r
In Fig. 6 , the radius of the metal wire, r, is varied. All other parameters are fixed to their respective values in Fig. 2 . With increasing r, the resonances experience a slight shift towards shorter wavelengths. This trend can be understood by appreciating that the electrical current follows the shortest possible path, i.e., it mainly flows at the inner radius of the helix. Thus, increasing r effectively approximately reduces the helix radius R according to R → (R-r), the net effect of which corresponds to that shown in Fig. 5 . 
Dependence on angle of incidence α
The gold-helix metamaterial is designed for propagation of light along the helix axis. In any practical implementation, however, the incident light will have a certain angular spread. Figure 7 shows calculated transmittance spectra for angles of incidence with respect to the surface normal ranging from 0 to 40 degrees in steps of 10 degrees. Obviously, 10 degrees deviation from normal incidence does already significantly deteriorate the performance. This aspect needs to be considered in possible applications.
Conversion and reflectance
In discussing these trends, so far, we have focused on the resonance positions in the intensity transmittance spectra but we have completely neglected the behavior of the circular polarization intensity conversion that is also shown in Figs. 2-6 . Recall that an ideal circular polarizer requires two aspects. (i) One incident circular polarization should be totally transmitted, whereas the other is completely blocked. (ii) The transmitted incident circular polarization should be maintained, i.e., polarization conversion should ideally be negligible if pure circularly polarized transmitted light is aimed at. In Figs. 2-6, depending on structure parameters, the circular intensity conversion can reach values as high as 17% (except for p = 0 µm in Fig. 3 which is not chiral, hence not relevant). For suitable parameter combinations, the intensity conversion stays below a few percent for the entire bandwidth of one octave.
Finally, we discuss the behavior of the intensity reflectance. While this aspect is not directly relevant for the applications we have in mind, the reflectance behavior is connected to the circular conversion in transmission geometry addressed above. Figure 8 depicts an example. Parameters correspond to those of Fig. 2 . Notably, left-handed incident circular Fig. 7 . As Fig. 2 , N = 1, but the angle of incidence, α, is varied from normal incidence to 40 degrees with respect to the surface normal in steps of 10 degrees. The inset on the left-hand side illustrates the oblique-incidence geometry.
polarization is mainly reflected as left-handed circular polarization. This is just opposite to the behavior of a gold mirror (see dashed red curves in Fig. 8 ) or that of a usual dielectric halfspace following Fresnel-type reflection [1] . There, the reflected light flips the handedness from left-handed to right-handed and vice versa upon 180 degrees change of the direction of the wave vector of light. The conversion behavior of the helices is also not expected for an ideal chiral medium [15, 16] . Intuitively, we interpret this numerical finding as being due to the termination of the metal wire. The end of the wire together with the center of the helix defines an axis in real space that breaks the symmetry. Thus, in addition to pure circular dichroism, the structure also exhibits some degree of linear birefringence. This linear birefringence contributes to the observed circular polarization conversion in transmittance geometry. It also explains the non-Fresnel-type reflectance: If the relative phase between the two orthogonal linear components in the field reflection coefficients changes by 180 degrees, left-handed incident circular polarization turns into left-handed light. The stronger effects in reflectance than in transmittance are not really surprising as phase changes at a structure's surface usually have a much more profound effect on the reflection properties than on the transmission properties.
Notably, the spectra for LCP → RCP and RCP → LCP in Fig. 8 are very nearly identicalin sharp contrast to our above findings for transmittance. For normal incidence and for a medium exclusively exhibiting linear birefringence (and no circular dichroism at all), it is straightforward to show that the spectra for LCP → RCP and RCP → LCP are strictly identical indeed. Thus, this finding again highlights the importance of linear birefringence for the reflectance spectra in Fig. 8 . For oblique incidence (not shown), the spectra for LCP → RCP and RCP → LCP behave differently. Fig. 8 . Intensity reflectance and conversion spectra for the parameters and the geometry shown in Fig. 2 . For usual Fresnel-type reflection, LCP (RCP) incident light turns into RCP (LCP) reflected light. Thus, in reflection geometry, by "conversion" we refer to, e.g., the ratio of LCP reflected light intensity and LCP incident light intensity. The red curves correspond to the behavior of an ideal metal mirror.
Finally, it is important to note that the discussed pronounced circular polarization conversion in reflection prohibits meaningful chiral effective-parameter retrieval along the lines of [16] . Hence, we have refrained from any retrieval in the present work.
Conclusion
In conclusion, we have systematically studied the optical properties of chiral metamaterials consisting of arrays of metal helices for propagation of light along the helix axis. The ideal structure for applications in terms of broadband circular polarizers is composed of metal helices with a diameter close but not too close to the square lattice constant, two or three helix pitches, a helix pitch comparable to or larger than the lattice constant, and a metal wire much thinner than the helix diameter (yet much thicker than the skin depth). The circular-polarizer behavior is fairly sensitive to deviations from normal incidence of light, i.e., to deviations from propagation along the helix axis.
